Entanglement of identical particles and reference phase uncertainty 



John A.Vaccaro and Fabio Anselmi 
Quantum Physics Group, STRC, University of Hertfordshire, College Lane, Hatfield ALIO 9AB, U.K. 

Howard M. Wiseman 
Centre for Quantum Computer Technology, Centre for Quantum Dynamics, 
School of Science, Griffith University, Brisbane, Queensland J^lll Australia. 

We have recently introduced a measure of the bipartite entanglement of identical particles, Ep, 
based on the principle that entanglement should be accessible for use as a resource in quantum 
information processing. We show here that particle entanglement is limited by the lack of a refer- 
ence phase shared by the two parties, and that the entanglement is constrained to reference-phase 
invariant subspaces. The super-additivity of Ep results from the fact that this constraint is weaker 
for combined systems. A shared reference phase can only be established by transferring particles be- 
tween the parties, that is, with additional nonlocal resources. We show how this nonlocal operation 
can increase the particle entanglement. 
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I. INTRODUCTION 

Entanglement is an essential resource for quantum in- 
formation processing. The non separability of the wave- 
function of two distinct systems is the usual hallmark of 
an entangled state. However, the symmetric or antisym- 
metric wavefunctions of collections of identical particles 
is inherently non separable. A crucial question then is 
how to quantify the entanglement of identical particles. 
The approach of Zanardi and others is to calculate the 
entanglement of the quantum held modes, Em, rather 
than the particles that occupy them. In particular, Em 
can be non-zero even for the case of a single particle. An 
alternate approach^ is to examine the non separability 
of the wavefunction beyond that required by symmetriza- 
tion or antisymmetrization. The difficulty here, however, 
is that there is no hxed partition into distinct systems. 

The approach we takeQ is to insist that the entan- 
glement of the particles, Ep, is accessible in the sense 
that it could be transferred to regular quantum registers 
(e.g. qubit systems) using local operations; once trans- 
ferred it can be used as a generic resource for quantum 
information processing. This requires strict partite sep- 
aration and the entanglement to be accessible using lo- 
cal operations only. Transporting particles between the 
parties is clearly a nonlocal operation; local operations 
therefore preserve the local particle number at each site. 
Hence, these restrictions are equivalent to imposing a lo- 
cal particle number superselection rule. _3| Entanglement 
constrained by general superselection rules have been ex- 
plored further by Bartlett and Wisemen. H A more intro- 
ductory treatment can be found in Ref. [5j . Also the im- 
pact of superselection rules on nonlocality and quantum 
data hiding has been studied by Verstraete and Cirac.[!j 

While the local transfer of the particle entanglement 
to regular quantum registers underpins our definition of 
Ep in Ref. Q, we did not explicitly show how the trans- 
fer operation might be implemented. In this paperQ we 



give an explicit demonstration of the transfer. We show 
how the lack of a shared reference phase reduces the en- 
tanglement of the regular quantum registers to that of 
Ep. Moreover, by performing a measurement of the dif- 
ference between the reference phases at the two sites, it 
is possible to recover the entropy of entanglement of the 
original system. However, this requires the transport of 
particles from one site to the other. The essential point 
is that the entanglement can be recovered only by violat- 
ing local particle conservation and transporting particles 
from one site to the other, that is, only by the use of other 
nonlocal resources. We establish a relation between the 
variance in the number of particles transported and the 
amount of entanglement in the quantum registers. This 
explicit demonstration gives further insight into the na- 
ture of particle entanglement and reference phase uncer- 
tainty. 

Reference phase uncertainty has recently been dis- 
cussed in relation to continuous variable teleportationhj 
and communication without a shared reference frame. Q 
The close connection between the application of local su- 
perselection rules and a reference system has been dis- 
cussed recently by Kitaev et al. 01 They show how one 
can simulate the local violation of a superselection rule if 
a shared reference system is available. Their analysis is 
in the context of data security whereas our work here ex- 
plores the implications for particle entanglement. Schuch 
et aL^3| have recently investigated the intra-conversion 
of sets of states under the constraint of the local supers- 
election rule associated with particle conservation. They 
identify a new nonlocal resource corresponding to the 
variance in local particle number. The connection with 
our work is that we give explicit protocols for converting 
this resource into particle entanglement by establishing 
a shared reference frame. 

The body of the paper is organized as follows. We be- 
gin in Section [H] with a brief review the definition of Ep. 
In Section IIIII we describe the protocol for transferring 
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the entanglement of shared particles to regular quantum 
registers for a variety of cases. In Section HVl wc show how 
the particle entanglement can be increased by establish- 
ing a shared reference phase. We end with a discussion 
m Section |V| 



This illustrates a striking general feature of Ep in that 
it is super-additive. The super-additivity is a direct con- 
sequence of the inherent indistinguishability of the par- 
ticles. 



II. ENTANGLEMENT OF IDENTICAL 
PARTICLES 

We imagine two well-separated parties, Alice and Bob, 
sharing a collection of N identical particles, such as 
atoms or electrons etc., which are in the pure state |^E')ab- 
The particle entanglement £'p(| x I')ab) of this state is the 
maximum entanglement that can be transferred to local 
quantum registers without additional nonlocal resources. 
We showed in Ref. |3j that this is given by: 
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T„ is the projector onto states with n particles at Al- 
ice's site and N — n&t Bob's, P n = ab W^I^ab is the 
probability of finding n particles at Alice's site, |^ w )ab 
represents field modes occupied by a fixed number of par- 
ticles at each site, S(|W„)ab) = S(p^') is the entropy 
of entanglement in \^ n )AB, S(p) is the binary von Neu- 
mann entropy — Tr(/51og 2 p), and pj^ is the reduced den- 
sity matrix p^ ] = Tr B [(|* B )(*„ Dab]- 1 In essence, {QJ 
results from a local particle number superselection rule in 
that the coherences between subspaces of differing local 
particle number are not observable by local means. 

In the following section we demonstrate the transfer of 
the entanglement in |\&)ab to regular quantum registers. 
The essential features this operation are clearly revealed 
in the simplest system: coherently sharing a single par- 
ticle between Alice and Bob in the state 

|*( 1 ))ab = ^ ! (|1,0)ab + |0,1)ab) (3) 

where |i,j)ab represents i particles in a field mode at 
Alice's site and j particles in a field mode at Bob's site. 
We note, in particular, that sharing a single particle and 
independently sharing two particles carries the following 
particle entanglement :Q 
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1 To simplify the notation for projectors, we write the subscript AB 
outside a bracket, e.g. as A b , rather than individually 

on each bra and ket. 



III. TRANSFER PROTOCOL AND 
REFERENCE PHASE UNCERTAINTY 

We now demonstrate the transfer protocol of the par- 
ticle entanglement to regular qubit registers. We treat 
explicitly the case of bosons here; the modification re- 
quired for the fermion case is, however, straightforward. 2 
Let Alice have a very large number M > 1 of identi- 
cal ancillary particles in a particular field mode, i.e. the 
mode occupation is given by the state \M) A . An oper- 
ation is then performed which shares the particles with 
another mode at Alice's site to produce the state 
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where here \i,j)A represents i particles in one field mode 
and j particles in the second field mode at Alice's site, 
and c„ are complex amplitudes satisfying J2 n l c n | 2 = 1- 
We can rewrite this state as 
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where 
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Here \ip(Q)) is a "truncated" phase state [2 EH an d 
|c(0)) is a state with a large mean particle number 
N c = ^2 n \c n \ 2 n satisfying M ^> N c ^> 1, but otherwise 
arbitrary. For example, \c(0)) could approximate a large 

amplitude coherent state with c n cx (N c e~ N ° /nl) 1 / 2 . A 
corresponding process is performed at Bob's site with his 
local ancillary system, resulting in the combined ancillary 
state 
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2 For the fermion case we replace the state of a n-boson occu- 
pied mode \n) with the state representing n fermions distributed 
in n different modes each of which contain a single fermion: 
|n)(-^ = 1 1, 1, ■ ■ ■ , 1, 0, ■ • ■ , 0) where the number of modes exceeds 
the number of fermions. The protocol then involves operations 
of the same form as the boson case. 



3 



A. Single shared particle 

Our transfer protocol is based on a method introduced 
by Mayers. [T^ We demonstrate it first for the state of 
a single shared particle, I^^ab i n ©■ Let the initial 
state of the two regular qubits, one at Alice's site and 
the other at Bob's, be |0, 0)ab- We use an underline to 
distinguish the states of a regular qubit, |0), |1), (such 
as two orthogonal electronic states of an atom) from the 
Fock states of the field modes |0), |1), 

We will first concentrate on the integrand of the left 
integral in for a specific value of 9. Let this term 
together with the shared particle modes and a single reg- 
ular qubit at Alice's site be given by 



kA(0)) A ® |* (1) }ab® |0) a 

■..|V(0)>A®i(|l,O>AB 



|0,1)ab)® |Q)a(H) 



where, for clarity, we have reordered the states and writ- 
ten "• • •" to represent states of modes that are not of 
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immediate interest. Alice performs a local CNOT oper- 
ation using her local shared-particle mode as the control 
and her local regular qubit as the target, yielding 
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,( 12 ) 

To complete her part of the protocol, Alice must disen- 
tangle her shared-particle mode from her regular qubit 
for this value of 9. This entails "hiding" the shared par- 
ticle in the truncated phase state \iI>(9))a- Expanding 
the state \i/j(9))a in the number basis yields 
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|n) A ® |1,0)ab ® |1)a 



+ \n) A (g> |0,1)ab® |0)a ■ (13) 



Alice now applies a controlled operation with her regular 
qubit as the control and the mapping: 



• • • \x)a ® \y, z)ab ® |0)a \x)a ® \y, z) A b ® |Q)a 



(14) 



• • • | a;) a ® \v,z)ab ® |1>A 

to produce the state 

• • • -L{\^(9)) A ® (e- i0 \O, 0) AB ® |I)a + |0, 1)/ 
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(16) 

Next Bob repeats these operations using his truncated phase state and another regular qubit in the state |0)b at his 
site as follows. We first consider the integrand of the right integral in i|10|) for a specific value of <f>. We also reorder 
the states and include only states of modes that are of immediate interest: 



• • • -4{|V»(0)>A ® (e-^|0,0) AB <8 IDa + |0, 1) AB ® |Q) A ) 
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A - e- i(M+1 ^\0) A ] ® |0,0) AB ® |1)a} ® |Q) B ® 



(17) 



Bob performs a local CNOT operation using his local shared-particle mode as the control and his regular qubit as 
the target. He then performs a controlled operation analogous to (|14fl and i|15|) using his regular qubit as the control 
and his truncated phase state |?/>(</>))b as the target. This gives the state 

7={M0)>a ® |0,0) AB ® (e- i;e |L_0)AB + e-^lM)^) ® |^(0))b 
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|VW)a® |0,0) ab ® |0,1)ab® 



|M + l> B -e" 
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M + 1) A - e- i f M+1 ^|0) A ] ® |0, 0) AB ® IM)ab ® |^W)>b} 



(18) 



Here, and in the following, we write the state |tz}a ® |zb)b of the regular qubits as \n, to)ab ; for convenience. For the 
limiting case of large M the statistical weighting of the last two terms, being of order 2/(M+ 1), becomes vanishingly 
small. We ignore these terms for the remainder of this paper. We now trace over all particle modes as our interest 
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lies only in the regular qubits. Recalling that the state being considered is part of the integrands in l|10(l . we find that 
we need to evaluate integrals of the following form 
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where k is a non-negative integer. Using the expansions 
of \ip(0)) and \c(9)) in terms of the Fock states in JSJ and 
@ shows that this expression is simply 
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We have assumed here that the state \c(9)) has negligible 
overlap with \n) for n < k; this is the case, for example, 
if \c(9)) approximates a large amplitude coherent state 

with |c„| 2 oc N™e~ Nc /n\ . Armed with this result, we 
find that the qubit registers on their own are left in the 
mixed state: 
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B. Independently sharing two particles 

This situation can be contrasted with the result of in- 
dependently sharing two particles, that is when Alice and 
Bob share the state 
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(22) 



Carrying out the above transfer operations on the first 
shared particle results in the state represented by the first 
line of OEJ with probability P = l- 2/(M+l): 



~M0))a®|O,O)ab 

(e-^ll^AB + e-*|0 1 l) ab)®NW))b ■ (23) 



As predicted in Ref. |3] and shown in (QJ, there is no en- 
tanglement here. The origin of the loss of entanglement 
can therefore be attributed to the unknown phase differ- 
ence 9 — 4> that emerges in the transfer protocol, i.e. to 
the lack of a shared reference phase. 



Repeating the operations on the second shared particle 
using the truncated phase states \i/j(9))a and |^(0))b and 
two additional regular qubits (one at Alice's site and the 
other at Bob's) results in the reduced density operator 
for the four regular qubits as 
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\R(6, 0)) ® \R{6, 0))] [(R(9, 0)| ® (R(9, <P)\]^^ 
00, 11 )( 00,11 | + 00 ) ( 11, 00 | + (| 10,01 ) + | 01, 10 » (( 10,01 1 + ( 01,10 |) 
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where 

\R{9,<P)) 
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(e-^l^AB + e-^lMM (25) 



and we have written the joint state ab 
as \in,jm)AB 



n,m ) ab 

Each of the parties, Alice and Bob, can 



perform a local measurement to determine if the states of 
their two regular qubits at their site are equal or different; 
the result of the measurement is equally likely to be 
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or 



(1 10,01 ) + | Qi,io )) (( io, oi l + ( 01,10 1) 
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respectively. The entanglement in the first result is zero 
whereas it is 1 ebit in the second, and so the average 
entanglement is 1/2 ebit. This agrees exactly with (JjjJ 
and Ref. 0. 

We note that the subspace spanned by the states 
{|10,01)ab, 1 01, 10) ab} is invariant to arbitrary shifts of 
the local reference phases. For example, the reference 
phase shifts given by |0) A >— > |0) A , ID A ^ e t6 \l)A: 
|0)b >— > |0)b, |I)b | — > e ^|I)B map an arbitrary state 



5 



of this subspace, a|10, 01) ab + /3j01, 10) ab, to the state 
e »(8+0)(Q,| lO ; Ol ) AB + /3|01 1 10) AB ), which differs only by 
an overall phase factor from the original state. Clearly, in 
the absence of a shared reference phase, the transferred 
entanglement is constrained to such reference-phase in- 
variant subspaces. Comparing Ij21|l and l|27|) we conclude 
that the super- additivity of Ep is due to this constraint 
being weaker for the combined system. 



C. The general case 

The transfer protocol can easily be generalized to 
multi-occupied field modes where the n-particle state |n) 
is mapped to the state |n) of a regular quantum regis- 
ter. Here {|n) : n = 0, 1, • • •} is an orthogonal basis set. 
We write a general pure state representing TV particles 
shared between Alice and Bob as 
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where g n are complex amplitudes and \ip n )AB represents 
a state comprising n particles at Alice's site and the re- 
mainder at Bob's site. In[X]we show that the final state 
of the regular quantum registers after the transfer proto- 
col is 
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where |V>ti)ab is the regular quantum register version of 
the shared particles state IVvJab- Each of the terms in 
the sum of l|29l) belongs to a different reference-phase 
invariant subspace. It is possible to make a local mea- 
surement which projects onto these subspaces. Thus the 
entanglement of l|29|l is given by with \ip n ) replaced 
by \tp n ). In other words, the entanglement transferred to 
the quantum registers is in exact agreement with our def- 
inition of Ep. Moreover, this shows that the transferred 
entanglement is constrained to reference-phase invariant 
subspaces, in general. 



IV. ENTANGLEMENT AND REDUCED 
REFERENCE PHASE UNCERTAINTY 

The foregoing suggests that the particle entanglement 
can be increased by fixing the phase difference between 
the two sites. Indeed, consider the case of sharing a sin- 
gle particle which results in the mixed state in (|21|l in 
the absence of a known phase difference 9 — <p. The en- 
tanglement in this state can be increased if we reduce 
the uncertainty in the phase difference so that the im- 
plicit phase distributions in the integral in l|21l) are no 
longer flat. One way of doing this is to perform a phase- 
difference measurement between the two sites. In [5] wc 
show that the state of the regular qubits following an 



ideal phase-difference measurement of the ancillary states 
|c(0))a ® \c{4>))b in EH is given by 

\ (IM) (MI+CI l$ (M+C* |M) (Ml + |M) (Ml) ab 

(30) 

where 



C = 



(31) 



and P,„ 



which is defined in (|B9(I , represents the res- 



olution of the phase-difference measurement for a mea- 
sured difference of <p . The entanglement of format ion [l5| 
of the mixed state Ij30|l is given by 



-plog 2 (p) - (1 -p) log 2 (l - p) 



where p = ±(1 + yj\ - \C\ 2 ). For |C| « 1 we find 
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(32) 



(33) 



Any resolution of the phase difference requires a min- 
imum variance (AN^.) in the number of particles trans- 
ported from one site to the other. We can relate Ep 
to the variance in particle number using the Heisenberg- 
Robertson uncertainty relation for phase and number op- 
erators. In |0 we find that the optimum strategy gives 



|Cf 



< 



4(AjV| r ) 
1 + 4(AiV; 



(34) 



Thus, from Ij33(l . an upper bound for the entanglement 
of formation is given approximately by 



Ep < 1 



4(AA^ r )ln2 



(35) 



in the limit that (AA| r ) > 1. 

As an example, let the ancillary states |c(6*))a® |c(</>))b 
in (|10fl approximate two coherent states of not neces- 
sarily the same amplitude, and imagine transporting 
one of these ancillary modes from one site to the other 
to allow an ideal phase-difference measurement between 
them. In this case, the variance is given by (AN^.) = 

(iVrr) where (Aty) is the mean particle number trans- 
ported between the sites and so for the optimum strat- 
egy Ep < 1 — l/(4(iVTr) ln2). In fact, a direct calculation 
of H31fl , using periodic Gaussian distributions to approx- 
imate the phase distributions of the coherent states 01 
and assuming that the local coherent state has a much 
larger amplitude than the one which is transported, gives 
|Cf ^ e -i/4<Ar Tr ) _ x _ i/4(7V Tr ) for (N Tl ) > 1. Thus, 
from (|33|l , using coherent states to establish a shared ref- 
erence phase gives the entanglement of formation as 



E F « 1 
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4(AT Tr ) In 2 



(36) 



for (Ntt) S> 1. This value represents the upper bound in 
(|35p. Clearly Ep approaches 1 ebit as (A^r), the mean 
number transported, increases. 
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V. DISCUSSION 

Only manipulations by local operations and classi- 
cal communication are permissible when quantifying the 
accessible entanglement in a system. Operations that 
change local particle number are therefore forbidden and 
this gives rise to a local particle-number superselection 
rule. This concept underlies the definition of Ep, the 
entanglement of identical particles. Q Ep quantifies the 
amount of accessible entanglement in a system of iden- 
tical particles, where the accessibility implies that the 
entanglement is able to be transferred to regular quan- 
tum registers such as qubits, and be used as a generic 
resource in quantum information processing. 

In this paper we have shown that the process of trans- 
ferring the entanglement of shared particles to quantum 
register in the absence of any shared nonlocal resources 
necessarily involves random phase differences between the 
two sites. The unknown nature of these phase differences 
leads to a reduction in the transferred entanglement. 
Any non zero entanglement remaining after the trans- 
fer is constrained to reference-phase invariant subspaces. 
Moreover, the super-additivity of Ep can be attributed to 
this constraint being weaker for combined systems com- 
pared to the individual systems. We also showed that the 
entanglement can be recovered by establishing a shared 
reference phase for the two sites. This operation, how- 
ever, requires the transport of particles between the sites, 
that is, it is a non local operation. In other words, estab- 
lishing a shared reference phase violates the restriction 
to local operations and the local superselection rule, and 
in doing so increases the accessible entanglement. We 
gave a general expression that relates the transferred en- 
tanglement to the variance in the number of particles 
transported for the case of a single shared particle. 
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APPENDIX A 

We describe here the details of the protocol that trans- 
fers the particle entanglement of the arbitrary TV-particle 
state given by (|2"5|) into the state l{2"§ll of regular quantum 
registers. The ket \ip n )AB in <|2"%|) represents the state of 
n particles at Alice's site and N — n at Bob's site, which 
we write here as 

IVUab = XX<") ,«4"\-,„("> ,„<">,-■ ■ 

X|4 n \ 4"V-->A®|^\4"V-->B. (Al) 

Here d... are complex amplitudes, |fci, fcj, " ' ')z represents 
a set of field modes at site Z G {A, B} with corresponding 



occupations ki, k%, ■• •, and the sets of non- negative in- 
tegers Ui , u 2™\ ' ' ' an d v [ n \ v 2 3 ' ' ' nave t ne property 
that 

JV N 

5>&>=n, £„&>=JV-n. (A2) 

m—0 m— 

We imagine a corresponding set of regular quantum 
registers located at each site and initially in the state 
|0, 0, • • >)a® |0, 0, • ■ -)b- The system at Alice's site can be 
written in part as 

• • • | j> (0)} A ® \u[ n) , «< n) , • • •> a ® | 0,0,--- )a ■ (A3) 

Alice performs a unitary operation which transforms her 
quantum registers to 

■ ■ • \m) a ® i4 n) , 4 n) , • • -) A ® \ vj n) A n \ ■ • - )a • (A4) 

She then "hides" the n shared particles in her truncated 
phase state as before; this leaves her system in a state 
closely approximated by 

■ ■ ■ e- m9 \j,{e))A ® |0, 0, ■ ■ -)a ® | z4" } ; 4"\ ■ ■ - )a • (A5) 

Bob repeats these operations at his site. The end result 
of Alice's and Bob's actions is a state of the form 

• • • e- me \iP(0))A ® |0, 0, • • -) A ® | ^" ) ,4" ) 3--- )a 
<8e-*C"-O*|V>(0)>B ® |0, 0, ■ • .) B ® \ v{ n) ,vj n \--- )B .(A6) 

Including the integrals over the phase angles 9 and <fi 
and the remaining particle modes, and then tracing over 
the particle modes yields the final state of the regular 
quantum registers; this is given by (JUJl with 

hMAB = zZ d u["\u^>,-,v^>,v^\- 

x K4" ) ,4" ) ,'-- )a ® | ^" ) ,^" ) ,--- )b -(A7) 

APPENDIX B 

In this appendix we derive the state of the regular 
qubits in (|18(1 following an ideal phase-difference mea- 
surement of the ancillary states \c(0))a ® \c(4>))b in i|lUfl . 
An ideal phase-difference measurement is described by 
the POVM [H EU 

n A (0')®n B (0' + , (bi) 

J2TT 

where (p represents the measured value of the phase differ- 
ence and flz(0) is the POVM representing an ideal mea- 
surement of the phase of a field mode at site Z 6 {A, B}: 

ft *(*) = 5- E e^-^ d (\n){m\) z . (B2) 

n,m— 
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The completeness of these POVMs is given by 



f f^-\ip)dip = i A ® i B , (B3) 

J2-K 

fl z (ip)d<p = l z (B4) 



2-7T 

where lz is the identity operator for the mode at site 
Z e {A,B}. While it is impossible to realize these 
measurements exactly, 3 nevertheless they can be imple- 
mented, in principle, with arbitrary precision. |l2l 1T^ 
Consider the full state represented by the first line of 



M+l 



|c(0)) A ® |c(0)) b ® |V(0)>a® |0,0) 



Tnc'samc-'c&n4a?rsaid, for example, for position measurements: 
measurements of position can be made with arbitrary precision, 
however, the position POVM [x)(a;|, where \x) is an eigenstate 



3 71 {e 



|i,o) 



AB 



10, 1: 



AB 



<8> |-0(0)>i 



(B5) 



Tracing over the shared particle modes and the modes 
in the truncated phase states, and using an argument 
similar to that used to derive results Q19f) and (|2U[I shows 
that the state of the remaining parts of the system is 
given by 

of the position operator, can never be implemented exactly. 



-iOl 



|c(0)) A ® |c(0))b® 



1,0) 



AB 



io, i; 



AB 



12-K J2n 



V2 



A{C 



(O)|0b(cW|® 



( AB (l 1 0|e i9 +AB(g i l|e^) 
V2 



dd d(f> 
2vr 2vr 



_(B6) 



The state of the regular qubits after an ideal phase- 
difference measurement has given the result <p is found 
by forming the product of IT~)(y>) with (|B6|) and taking 
the partial trace of the result over the field modes; we 
find this gives the mixed state 

~ (| M) (Ml + C IM> (Ml +c* IM (Ml + IM) (Ml) AB 

(B7) 

with probability 1/2tt where 

C=[ [ P ip (9,(t))e- zi0 - 4 ' ) ded(j) . (B8) 

J2tt J2tt 

Here P lfi (9,<p) represents the resolution of the phase- 
difference measurement, 

i%(M)= / Px{e-e')p^-^-e')^- (B9) 

where Pz{&) is the canonical phase distribution of the 
state |c(0))z for a mode at site Z <E {A,B}, i.e. Pz{6) = 
|£„c n e-«T/2^. 



APPENDIX C 

We derive here the optimum conditions for maximizing 
the entanglement of formation (|33|l using the Heisenberg- 
Robertson uncertainty relations for particle number and 
phase operators. We note that the commutator of the 



number-difference operator with the cosine of the phase 
difference operator can be written as 

[JVX--# b ,cos((£a-0b)] 

= [A>a,cos(0 a - fa)] - [iV B ,cos(0A - <£b)] (CI) 

where Sz and Nz are the Pcgg-Barnctt phase 
operator [l^ and particle number operator, respectively, 
for site Z £ {A, B}, and 

cos(^ A - <fo) = \ • (C2) 

It is not difficult to show, using the results and methods 
in Ref. 0] (see, in particular p. 32), that 

($|[A a ,cos(0a-0b)]|$) = -<$|[JVb,cos(0 a -0b)P) 

= -z($|sin(0A-0 B )|$)(C3) 

where 

p i(4>A-<t>B) _ p -i(0a-0b) 

sin(0 A - 0b) = s (C4) 

and so 

($|[A A - A>b, cos(0 A - 0b)]|$) = -2t(*| sin(4 - <£b)|*) 

(C5) 

where |<E>) is a physical state. [12. Ilq Similarly 

($|[A A -iVB,sin(0A-0B)]|$) = 2 i ($|cos(0 A -0B)|*) • 

(C6) 
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Hence, from Robertson's uncertainty relation^] we find 

(A 2 (V A - V b ))(A 2 cos(0a-0b)) > |(sin(0 A -0 B ))| 2 , 

(C7) 

(A 2 (A A - A B ))<A 2 sm(0A-0 B )) > |<cos(0 a -0b))| 2 

(C8) 

for physical states, where (A 2 Q) = (Q 2 ) — (Q) 2 is the 
in Q. Adding these inequalities and using 



variance 



(A 2 cos(0 A - 0b)) + (A 2 sin(0 A - 0b)) 
= 1 - (cos(0 A - B )) 2 - (sin(0 A - 0b)) 1 
= 1 - Ke*^* - * 3 ))! 2 



gives 



(C9) 



(CIO) 



(a 2 (v a -a b )) (i-iq 2 ) > |cf 

where, from l|31|l . 

|C| 2 = \( e ^-M)\ 2 . (Cll) 

Rearranging (|C10|I and using (A 2 (Na~Nb)) = 
(A 2 7Va) + (A 2 Ab) for uncorrelated fields gives 



2 ^ (A 2 N A ) + (A 2 N B ) 



\C\ 2 < 



1 + (A 2 V A ) + (A 2 V B ) 



(C12) 



In a similar way, we derive the Heisenberg- Robertson un- 
certainty relations: 

(A 2 V z )(A 2 cos(0 a -0b)) > i|(sin(0 A -0 B ))| 2 , 



(C13) 



(A 2 iV z )(A 2 sin(0 A -0B)) > ||(cos(0a 



3 ))| 2 



(C14) 



using the separate commutators of Na and N-g with 
6a — 0b) and sin(0A — 0b), and then using l|C13|) 



cos((pA — <Pb ) ana siii^a 
and ljC14|) in place of (|U7|) and 



we find that 



|Cf< 



MA 2 N Z ) 
1 + 4(A 2 N Z ) 



(C15) 



for site Z e {A, B}. 

We want to derive the conditions for the optimum situ- 
ation where the variance in the number of particles trans- 
ported is the minimum for a given value of Ep. Con- 
sider the case where Alice transports particles to Bob. 
The entanglement of formation Ep given by (|33|l in- 
creases monotonically with |C| 2 . Comparing l|C12|) and 
(|C15ll . we see that the optimum situation occurs when 
(A 2 Ab) > 3(A 2 Aa) for which the bound on |C| 2 is given 
by (|C15(1 with Z being the transported mode (i.e. A in 
this case). 
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